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1 Set

1.1 Basic Notation

Set is a collection of elements.
There are two common ways to write out the composition of the set. For example, let A
denote a set, if it is a very simple (or, in a math jargon, “trivial”) set, we can directly write

down all the elements and use curly bracket to surround them, e.g.:
A=1{1,2,3,4}

If it is a rather complicated set (it could include infinite number of things!), we usually write

down the general rule that determines what is inside, and put a vertical bar “|” in front of it

e.g.
A = {z|x is an integer and z > 5}

Let A denote a set, and x denote something. x could be either “included” in set A or not.

In mathematical notations, we use € and ¢ to respectively denote that relationship i.e.
x €(or ¢)A

x can be anything, even a set.
Let A and B both be sets. A could be a subset of B or not. Being a subset means that

for any element included in A, it is also included in B.

ACB&foranyx € A,z € B



Trivially, if A is a subset of B and B is a subset of A, A and B must be equal:

ACBand BC A< A=B

1.2 Logic

Note that we use arrow connects two statements, which is quite intuitive in that S1 = 52
means that we can derive S2 from S1, or “if S1 holds, S2 also holds”. Note that this not

necessarily mean the reverse direction is true. For example,
r=5=2>=25 a°=25== x=5
We can also describe this as S1 is the sufficient condition for S2, or S2 is the necessary
condition for S1. Both terms are very useful:
1. Sometimes, we prove S2 by proving a “stronger” statement S1.

2. Sometimes, we want to find things that hold under S1, but there are too many candi-
dates, then we can firstly verify whether these candidates satisfy the statement S1 to

decrease the number of candidates and save our efforts.

And a bi-direction arrow means the two statements are “equivalent”, or S1 is the “sufficient
and necessary condition” of S2 (and vice versa). We usually use “if and only if” (or iff) to

denote this relationship.

1.3 Special Set

There are some sets of numbers that are frequently used and denoted with special notations

as below:

1. Z denotes the set of all the integers, and Z* or N denotes the set of all the positive

integers.

2. Q denotes the set of rational numbers i.e. the numbers that could be denoted by a ratio

of two integers.

3. R denotes the set of real numbers, and Rt denotes the set of all the positive integers.
There are also imaginary numbers outside of R, but those will not be studied in this

course.



4. [a,b] denotes the set of real numbers that are between a and b (two end points included)

Le.
[a,b] = {z € Rla <z < b}

we can also replace either side (or both sides) of the square bracket “[]” to round bracket

‘()" and replace “<” above with a strict “<” sign.

1.4 Operations of Set

There are some methods through which we could generate new set by manipulating some

existing sets. The most two important methods are union and intersection.

1. Union: The union of two sets A and B, denoted A U B, is the set of all elements that

are in A, or in B, or in both. Formally:

AUB={z|ze€AorzeB}

2. Intersection: The intersection of two sets A and B, denoted A N B, is the set of all

elements that are common to both A and B. Formally:

ANB={z|z€Aandz € B}

Another very important operation, while seemingly meaningless so far, is to “multiply”
sets. By doing so, we just obtain a new set whose element is the tuple that includes one

element from each composition set. For example, we have
R? =R x R = {(21,73)|7; € R and z, € R}

Intuitively, we can call this set as two-dimensional. Similarly, we can define the N —dimension

set R for any positive integer N, which will be extremely useful later on.

1.5 Sets with Infinite Elements

Sets can include either finite or infinite elements. When dealing with infinity, things
often diverge from our common sense (and that is precisely why we need more advanced
mathematical tools, and why you're here!). For finite sets, we can simply use the number of
elements to denote the size of the set. But what about sets with infinite elements? First, we
must ask: does size comparison still make sense for infinite sets? The answer is yes, but the
method of comparison in mathematics can be counterintuitive. A famous statement illustrates
this: "The set of (positive) even numbers is as large as the set of all natural numbers,” despite

the fact that intuitively, the former seems to contain only half the elements of the latter.



To understand this concept better, let’s explore the story of Hilbert’s Hotel, which provides
a vivid demonstration of why these two sets are equal in terms of "size” (or in professional

terms, cardinality).

Hilbert’s Paradox of the Grand Hotel

Imagine a hotel with infinitely many rooms, all of which are occupied. This hotel is
managed by the brilliant mathematician David Hilbert. One night, a new guest arrives
and asks for a room. In a normal, finite hotel, this would be impossible. But in Hilbert’s
infinite hotel, here’s what happens: Hilbert asks the guest in Room 1 to move to Room
2. The guest in Room 2 moves to Room 3. The guest in Room 3 moves to Room 4. This
process continues indefinitely, with each guest moving to the next room. Room 1 is now
vacant and can accommodate the new guest. Surprisingly, despite starting with a fully
occupied infinite hotel, Hilbert found room for one more guest without evicting anyone!
But the paradox doesn’t stop there. What if an infinite number of new guests arrive,
say, as many as there are natural numbers? Hilbert devises another clever solution: He
asks the guest in Room 1 to move to Room 2; the guest in Room 2 to move to Room 4;
the guest in Room 3 to move to Room 6...... In general, each guest in Room n moves
to Room 2n. Now, all the odd-numbered rooms are empty and can accommodate the

infinite number of new guests!

This paradox illustrates two key points about infinite sets:
1. We can add a finite number to infinity and still have the same size of infinity.
2. We can even add infinity to infinity and still have the same size of infinity.

Hibert’s action also provides us with a way to prove that the two sets are of the same cardinal-
ity: to build a one-to-one mapping. That is, we can find a rule to “align” the elements of two
sets such that for each element in one side, we can find one corresponding element in the other
set, and vice versa. Manipulating this method, we could obtain the following fundamental

results in real analysis:

1. The cardinality of N is the same as Q. We call the set that has the same cardinality as
N “countable”, denoted by N.

2. The cardinality of R is larger than N. We call the set that has larger cardinality than
N “uncountable”, and we denote the cardinality of R by ;.

3. The cardinality of RY is the same as R.



1.6 A Short Introduction on Function

In the last section, we informally talk about “one-to-one mapping”, which is a type of
function. You probably already know something about function, which is a bridge between
two sets that assign each element in one set to one element in the other. Formally, let f denote
the function and A and B be the two sets, we denote it by f : A — B. With our previous
definition of “product” of set, it is also convenient to define a function f with two inputs as
f Ay x Ay — B. Essentially, the output of the function is one element in the set. If the

output of one mapping takes multiple values, the mapping is called “correspondence”.

1.7 Distance and Norm

For most of the time, we work on the set of real numbers R, or vectors or matrices (which
will be introduced shortly) whose entries are real numbers. But “set” only implies what
elements are inside and what are not, and our common sense is far beyond that: for example,
we know how to compare the two elements in one set, we know how to add or multiple
two elements in the set to obtain a new element in the same set...... Advanced math course
usually begins with a set of abstract rules to define these “structures” upon the set. Here we

demonstrate two of the most important concepts: distance and norm.

Definition 1.1 (Distance and Norm). Let X be a set. A distance function or metric on

X is a function d : X x X — R that satisfies the following properties for all x,y,z € X:
1. Non-negativity: d(z,y) >0 and d(x,y) =0 if and only if x = y.
2. Symmetry: d(z,y) = d(y,x).
3. Triangle inequality: d(z,z) < d(x,y) + d(y, 2).

A norm on a vector space V' over R is a function ||-|| : V — R that satisfies the following

properties for allu,v € V and c € R:
1. Non-negativity: ||v| > 0 and ||v|| = 0 if and only if v =0.
2. Scalar multiplication: |cv|| = |c||jv]|.
3. Triangle inequality: |u+v| < |ul| + |Jv|.

Example 1.1. For vectors in R™, the most common norm is the Fuclidean norm, defined as:

lelle = /22 + 23+ + 22

The corresponding distance induced by this norm, called the Fuclidean distance, is:

d@,y) = llz —yllo = V(21 = y1)* + (w2 = y2)* + - + (20 — Ya)?

>



Usually, when we use the notion of RY, we are referring to the set RY with Euclidean
metrics system, which we call “Euclidean space”. For an element taken from high-dimensional
Euclidean space, we usually use bold lowercase letter e.g.x to denote it, and write it as a
“column vector” i.e. to list its elements vertically and circle them with square brackets e.g.

T

Z2 o T .
x = | | . Tosave space, we could also write it as = [z1, 2, ..., xy]" where the superscript

TN
T denotes the transposition of the formation from a row to a column.

Example 1.2. Other common norms include the L' norm (Manhattan norm) and L™ norm

(mazimum norm):
o L' norm: ||z||1 = |z1| + |@a| + -+ + |2
o L™ norm: ||z||ee = max(|z1|,|zal,. .., |z0])

The concepts of distance and norm are very important. For example, almost all econo-
metrics/statistical /machine learning models are aimed at optimizing some metrics between
estimation and observed data. Moreover, only after the distance is defined, can we conve-

niently discuss the concept of convergence, as will be clear in the next section.

2 Linear Algebra

2.1 Vector

“vector”, while

Element in high-dimensional space RY (N > 1) is often referred to as
element in one-dimensional space is often called “scalar”. For an element € RY, we have the

following trivial equation:

T 1 0 0
To 0 1 0
=21 | | tx2| | + - +aN
TN 0 0 1

where the right hand side (RHS) has N vectors, each only has i—th entry being 1 and all
the other entries being 0, which we denote as e;. This trivial equation uncovers a trivial fact:
we could express = as a linear combination of N elements in RY. Here “linear combination”
means a series of operations that can only take one of the following forms: 1) addition; 2)

multiplication with a scalar i.e. timing all entries by the same scalar. Clearly {ei}i]\il is a



decent set of vectors as it could be used to construct anything in the space. We call such set

of N vectors the “basis” of RYV. Basis is not unique, as is indicated in the following example:
Exercise 2.1. Prove that [1,2]7 and [2,1]7 is also a basis of R?.

Could any N vectors form a basis? We can easily answer this question by replacing [2, 1]”
in the last example with [2,4]7. Intuitively, we can see that the original pair of vectors could
be “stretched” to match any vector on the plane. But the new pair, [1,2]7, [2,4] lies on one
line. And they cannot be combined to reach anything outside of the line.

We call such case as “linear dependency”. Note that if the two vectors are located on the
same direction, we could find a scalar A such that z; = A\xs.

Then, could any N vectors, any two of which do not lie on the same line, form a basis?
The answer is “yes” when N = 2, but “no” when N >= 3. To see this, consider the following
set: {[1,1,1]7,[1,—1,1]7,[2,0,2]"}. As the third vector is a linear combination of the first
two, it also lies on the two-dimensional plane “stretched” by the first two vectors. As they lie
on the same plane, we cannot obtain any vectors outside of the plane. We extend the above

result to the general case. Firstly, we define linear dependency:

Definition 2.1 (Linear Independence). A set of vectors {vy,vs,...,vx} C RY is said to be

linearly independent if the only solution to the equation
1V + CoUs + - -+ v =0

iscp=cg=---=c¢, =0.
Then, we have the following intuitive result:

1. For N-dimensional space RY, there could be at most N vectors to be linearly independent

in one set. We call any set of N linearly independent a “basis” for space RV.

2. The set of N vectors in RY is a basis for R" if and only if any element in RY could be

represented as a linear combination of them.

Note that for a basis {v,vs,...,v}, the process of finding the proper linear combina-
tion for an element is exactly the process of solving a system of N linear equations with N
unknowns, which is another great way to lead into the content of linear algebra, though not
introduced here. Intuitively, whether the vector set is a basis is equivalent to whether they
could be "stretched” to create the whole space. We can also quantify this operation by looking

at what is the dimension the vectors could stretch, which leads to the following definitions.

Definition 2.2 (Dimension). The dimension of a vector space V' is the number of vectors in
any basis of V. In other words, if {v1,va,..., 0} is a basis for V, then the dimension of V,
denoted as dim(V'), is k.



We can extend this concept to a set of vectors and the linear space generated by them.

Definition 2.3 (Linear Span). Given a set of vectors {vy,vs,...,0,,} in a vector space V,
the linear span (or simply span) of these vectors, denoted as span{vy,va,..., v}, is the set
of all linear combinations of v{,vs,...,v,,. Formally,

span{vy,vg, ..., U} = {a1v1 + agva + -+ + apUy, | a1, a9, ..., a, € R}.

This span is a subspace of V.

Definition 2.4 (Dimension of a Set of Vectors). The dimension of a set of vectors {vy,va, ..., 0,,}
is the dimension of the linear span of these vectors. If the vectors are linearly independent
and span a subspace W, then the dimension of the set of vectors is the number of vectors in

the set, i.e., dim(W).

Using these definitions, we can see that the dimension of a vector space or the linear span of
a set of vectors provides a measure of how many directions in the space can be independently

spanned by the vectors.

2.2 Linear Mapping and Matrix

Then we consider linear mapping from one Euclidean space R™ to another R*.

Definition 2.5 (Linear Mapping). A linear mapping (or linear transformation) f from R™ to
R¥ is a function f : R™ — RF that satisfies the following two properties for all u,v € R™ and

all scalars c € R:
1. Additivity: f(u+v) = f(u) + f(v)
2. Homogeneity: f(cu) = cf(u)

If we regard those elements as coordinates of the point in the space, then the linear mapping
could be viewed as a transformation of the coordinate system while keeping the coordinate
unchanged. To see this, let {vi}i]il denote one basis of R", under which the vector x has the

coordinate (z1, T, ...,x,). Then we have the following result:
Exercise 2.2. Show that f(x) = Y1, z:f (v;).

Meanwhile, we know that f(v;) is a vector in R*. Let {u; }le denote a basis of R*, then
we know that f(v;) also has a coordinate with respect to (w.r.t.) this basis. Assume that

the coordinate of f(v;) is (a;, a9, .., ag;). Then we have the following expression of a linear



mapping:

T a11T1 + 129 + * - + A1pTh
f( o) ) . a91T1 + A9y + + -+ + AonTy
Tp Ap1T1 + Qa2 + -+ -+ AkpTp

And this is exactly the result when a matrix multiply a vector. That is, if we extract all

the a;;’s, we could rewrite the above as

1171 + A12T2 + -+ + A1pTy a1 Q2 o Q| [T
(2171 + Q22T + *++ + ATy | [G21 Q22 -+ Q2n| |72
p1T1 + QpaTo + -+ - + AQpn Ty k1 Qg2 - Qgn | |,

The first element on RHS lists all coefficients in n columns, k& rows. We call this a matrix of
kxn, and let R¥*™ denote the set of all the Matrix whose entries are real numbers. Essentially,
matrix could be thought as a representation of a certain linear mapping, and matrix product
could then be thought as a combination of two linear mapping. For example, let matrix
A € RF*™ denote a linear mapping f : R* — R*, and matrix B € R™** denote another linear
mapping ¢ : R¥*™. Then the matrix product BA will denote the compound linear mapping

(which is still a linear mapping):
xéyiz@xéAx&BAx

This also helps explain why we need to align the dimension of matrix when multiply them.

Moreover, if we switch the dimension of the matrix, it is also easy to verify that
(AB)T = BT AT

where superscript 1" denotes the transpose of matrix. Below is a simple example of linear

transformation:

Example 2.1 (Rotating by 45 Degrees). Consider the linear mapping f : R? — R? that

rotates every point in the plane by 45 degrees counterclockwise. The transformation matrixz for

this mapping is.

A=
sin(45°)  cos(45°) v2 V2

2 2



x
For any vector x = [ 1] , the rotated vector f(x) is given by:
T2

I-

V2 V2 ix_x)
o . 2 1 2
fw)=Ar=1 i” [£x1+m>

Thus, the coordinates (x1,x2) are transformed to < 2(z) — x9), ‘f(ml + x2)> under the rota-

tion.

You may notice that this rotation operation, or linear mapping, is “reversible” i.e. you
can find another linear mapping to cancel out the impact of the first mapping. Or, more

rigorously, for any vector x, we can find a special matrix M such that M Az = x. In this
1
case, we know that M A will be equal to the following very simple matrix: 0 1l We call

such matrix that has 1 on its diagonal and 0 elsewhere identity matrix, as they represent
the trivial linear mapping that maps one element to itself. And we call the qualified matrix
M the inverse matrix of A, denoted by A1

A natural question is: can we find an inverse for all the linear mappings (or matrices)?
There are some cases that do not have an inverse. For example, think of a linear mapping
from R? to R2. Because for any reverse linear mapping, you cannot obtain a 3-dimensional
space from a 2-dimensional plane. Similarly, if a linear mapping from R? to R? maps all the
elements to a plane in 3-dimensional space, it will neither have a reverse linear mapping. This
motivates us to think of the rank of a matrix, which is the dimension of the space that a

linear mapping can create.

Definition 2.6 (Rank). The rank of a matriz A is the maximum number of linearly inde-
pendent row vectors (or column vectors) in A. It is a measure of the dimension of the image

of the linear transformation represented by A.

Then, it turns out that an n X n square matrix is invertible (or non-singular) if its rank
is also n (which is also called full rank). This is because an invertible matrix must span the
entire n-dimensional space, meaning its rows (or columns) are linearly independent and the
image of the transformation is the entire space R".

In this section, we will mostly focus on other properties of square matrices.

2.3 Eigenvalues and Determinant

If a matrix is not the identity matrix, it changes the coordinates and maps one vector
to another position. Vector is defined by its “direction” and “length”. While the length is

contingent on the metric we use (e.g. [3,4]7 and [5,0]7 are of the same length under L2

10



metric, but not so under L' metric), direction is more “stable”, as we know that the two
vectors x,y are of the same direction if we can find a scalar A such that x = Ay. In the
rotation example, everything changes its direction after the operation. But that is not always
the case. For a square matrix, we call those special vectors whose direction does not change

“eigenvectors”. Their formal definition is as follows:

Definition 2.7 (eigenvectors and eigenvalues). If A is a square matriz, a non-zero vector v

is called an eigenvector of A if it satisfies the equation
Av = v,

where X is a scalar known as the eigenvalue corresponding to the eigenvector v.

The concepts of eigenvector and eigenvalues are extremely important in linear algebra, and
has a lot of application. For example, they could be used to measure the importance of each

node in a connected network, which is the core of Google’s algorithm to rank web pages.

1
Example 2.2. Verify that v = L] is an etgenvector of the matriz

-l

We need a systematic way to calculate the eigenvalues and eigenvectors for a matrix. Note

that the equation Av = Av could be transformed to the system of linear equations:
(A= Mw=0 (1)

The non-zero v = [vy, ..., v,]” gives a way to linearly combine the column vectors of matrix
(A—AI) to be0i.e. to show their linear dependency. Therefore, we consider A’s that makes the
matrix (A — AI) not full rank. A very useful tool is the determinant, which is a function that

maps a square matrix to a scalar. It has a weird expression and a couple of nice properties.

Definition 2.8 (Determinant). The determinant of a square matriz A, denoted as det(A),

s a scalar value that is a function of the entries of the matriz. defined explicitly as,

n

det(A) = > sgn(0) [ [ aiw) (2)

ogESh i=1

where Sy, is the set of all permutations of {1,2,...,n} and sgn(o) is the sign of the permutation

o. The determinant has several key properties:

11



o A matriz A is invertible (or non-singular) if and only if det(A) # 0.

o The determinant of a product of matrices is the product of their determinants: det(AB) =
det(A) det(B).

o The determinant of a matriz is equal to the determinant of its transpose: det(A) =

det(AT).
o Swapping two rows (or columns) of a matriz multiplies its determinant by —1.
o Multiplying a row (or column) by a scalar multiplies the determinant by that scalar.

o Adding a multiple of one row (or column) to another row (or column) does not change

the determinant.

The weird expression is the only function that has those nice properties. Clearly, the

eigenvalues of a matrix are found by solving the characteristic equation
det(A—AI) =0,

where det denotes the determinant and [ is the identity matrix of the same dimension as A.
This determinant is a polynomial of \, and solving polynomial we get our result of \', then
plug in the value of A\, we can find the corresponding eigenvectors.

When calculating determinant, we usually do not directly apply the formula, as it is too
complicated. Instead, we utilize its property to transform the original matrix to a triangular

matrix, and then multiply the diagonal values.

2.4 Square Matrix and Quadratic Forms

Another usage of a square matrix is to summarize quadratic forms. A quadratic form in n
variables is a homogeneous polynomial of degree two and can be written in matrix notation
as

T

where x is an n-dimensional column vector, x* is its transpose, and A is an n X n symmetric

matrix.

Example 2.3. Consider the simplest quadratic form: x2 + x3 + 2x,25. It can be represented

Qx) = |1, ] E 1] lij — 2% + 2wy + 72,

as

IThere could be solutions with imaginary numbers, but here we focus on the case with only real numbers.

12



Here, the matriz A is

A=

11
1 1|

Quadratic forms can exhibit different properties depending on the nature of the matrix
A. One important property is positive definiteness, which ensures that the quadratic form is

always positive except at the origin.

Definition 2.9 (Positive Definiteness). A symmetric matriz A is called positive definite if

for all non-zero vectors x € R",
xT Ax > 0.

This property ensures that the quadratic form Q(x) = x* Ax is always positive except at the

origin, where it is zero.

Similarly, we can define positive semidefiniteness (by changing “>" to “>") and negative
(semi)definiteness. There are multiple methods in linear algebra to test the definiteness of

matrix. Below is some most important ones.

Theorem 2.1 (Leading Principal Minors Test). A symmetric matriz A is positive definite if

and only if all leading principal minors of A are positive. Specifically, for an n x n matriz A,
Ay >0 for k=1,2,...,n,

where Ay, denotes the determinant of the k-th leading principal submatriz of A.

Theorem 2.2 (Eigenvalue Test). A symmetric matriz A is:

positive definite if and only if all its eigenvalues are positive,

positive semidefinite if and only if all its eigenvalues are non-negative,
o negative definite if and only if all its eigenvalues are negative,

o negative semidefinite if and only if all its eigenvalues are non-positive.

3 Function

We already introduced function above, in this section we lay out more properties an defi-

nitions related to function.

13



3.1 Limit of Sequence

Sequence is a useful tool to simplify the notion of other concepts. We consider a sequence
{z;} = {x1, 29, ......} that has infinite (but clearly, countable) elements from Euclidean space
RF.

Definition 3.1. (convergence of sequence) The sequence {z;} C R is said to converge to

z* € R if
for each € > 0, there is an N € N such that d(z, — ") < € whenever n > N.

And we write it as x; — T*.

This “N — €” language makes convergence and limit questions tractable. For a sequence
with a written expression, the question of whether or not it is convergent is transformed to
the question of finding a proper expression of N as a function of e. Take the following exercise

as an example.

Exercise 3.1. Prove that x,, = converges to 0.

_1
n2+1
3.2 Open Set and Closed Set

With the concepts of convergent sequence, we are able to give a formal definition for the

openness/closedness of the set.

Definition 3.2. (Open Set) A set U C RF is said to be open if for every sequence {x;} C R*
that converges to a point x € U, there exists a subsequence {x; } such that x; € U for all
k e N.

Definition 3.3. (Closed Set) A set F' C R¥ 4s said to be closed if it contains all its limit
points. Equivalently, F is closed if whenever a sequence {x;} C F converges to a limit x € RF,
thenx € I

Note that while the statement is now concise and tidy, it may not be that straightforward
to think through. In Euclidean space, however, there is a type of set whose openness/closeness

is easy to determine:
1. [a,b] = {z > a and = < b|x € R} is closed.
2. (a,b) ={z > a and x < b|z € R} is open.

We can (though not rigorously) verify that they agree with our definition above. Moreover,

it is intuitive to see that for high dimensional space, we have similar result:

1. {xl > a; and z; < b; for every i = 1,2, ..., k|(xy,...,x) € Rk} is closed.

2. {xz > a; and x; < b; for every i = 1,2, ..., k|(x1, ..., 7x) € Rk} is open.

14



3.3 Continuity

Convergent sequences can also be used to define the continuity of functions:
Definition 3.4 (continuity of function). Let X C RY. A function f : X — R* is continuous
at a pointx* € X if for any convergent sequence {x;} C X withx; — x*, we have f(x;) — f(z*)

in R¥. If f is continuous at all points in X, we call f continuous on X.
Another way to define the continuity of a function is to use the famous “e — §” language:

Definition 3.5 (epsilon-delta continuity). Let X C R?. A function f: X — RF is contin-
uous at a point x* € X if for every ¢ > 0, there exists a 6 > 0 such that for all x € X,
if le—x*|| <6, then ||f(x) — f(z*)| < e. If f is continuous at all points in X, we call f

continuous on X.

A very important peroperty of continuous function is that it is guaranteed to have optimum

values on a bounded and closed domain, as is stated below.
Definition 3.6. (boundedness and compactness)

1. A set U C R" is called bounded if there exists M > 0 such that for any x € U,
d(z,0) < M.

2. A set U CR" is called compact if it is closed and bounded

Theorem 3.1. (Weierstrass theorem) Let f be a continuous function defined over a nonempty
and compact set C' C R™. Then there exists a global minimum point of f over C' and a global

maximum point of f over C.

3.4 Derivative

The concept of the derivative is a fundamental tool in calculus. It provides a measure of
how a function changes as its input changes.
Let f be a function defined on a set S C R"™; Let x € int(S) and let 0 # d € R". If the
limit
td) —
S td) - f@)

t—0+ t

exists, then it is called the directional derivative of f at x along the direction d and is denoted
by f'(z;d). A special sets of directional derivative is those along the simplest directions: for
any ¢ = 1,2, ...,n, the directional derivative at & along the direction e; (the ith vector in the
standard basis) is called the ith partial derivative and is denoted by 88_:2("”):
0 T +te;) — f(x

Fo o fl@te) -~ f@)

ox; (z) = t—0+ t
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If all the partial derivatives of a function f exists at a point € R", then the gradient of f at

z is defined to be the column vector consisting of all the partial derivatives:

Vi@ =|"

Differentiability is a stronger requirement than continuity. Every differentiable function is
continuous, but not every continuous function is differentiable. Fortunately, most of the
functions we work with everyday are elementary functions, on which we could confidently

take derivatives.

Definition 3.7 (elementary function). Elementary functions are functions built from basic
functions such as polynomials, exponentials, logarithms, trigonometric functions, and their
inverses using a finite number of arithmetic operations, compositions, and solutions of algebraic

equations.

The gradient is easy to calculate. As the term of limit is essentially a univariate function
of t, it turns out that we can apply similar methods of univeriate calculus to calculate it.

Note that all of the definitions of derivatives in this section is done on the general RY
space, because unlike the univariate case where you only have two directions to approach
a point, in high-dimensional space you have infinitely many (uncountable) directions. For
elementary functions, the gradient provides us with all the information we need to calculate

any directional derivative, as it could be calculated as:
f'(@;d) =V f(z)'d

forallz € U and d € R™.

3.5 Approximation

Derivative could be used not only to decide the “momentum” of function, but also to
approximate the function. It can also be shown in this setting of continuous differentiability

that the following approximation result holds.

Proposition 3.1. Let f : U — R be defined on an open set U C R™. Suppose that f is

continuously differentiable over U. Then

St d) ~ [(@) - Vf()"d
d—0 |||

=0 forallz €U
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Another way to write the above result is as follows:

f) = @)+ V@) @y —=z)+ollly — =),

where o(-) : R — R is a one-dimensional function satisfying @ — 0ast — 0" or t — 0.
Another similar notation is the big O “O”, which denotes that @ approaches to some constant
as t — 0 or t — oo. With the notation of big and small o, we are able to analyze the
complicated functions with a system of polynomial series.

A function f defined on an open set U C R" is called twice continuously differentiable
over U if all the second order partial derivatives exist and are continuous over U. Under
the assumption of twice continuous differentiability, the second order partial derivatives are

symmetric, meaning that for any ¢ # j and any * € U

0*f 0*f

The Hessian if f ar a point x € U is the n X n matrix

*f 22f 2 f
8_90%(x) Ox10x2 (x) U 0x10xn (17)
*f o%f
v2f<x) — a.l’anl (x) 8_32%(x)
92f % f 2f
Oxpn0x1 (Z‘) O0xpn, 012 (IL‘) e m(l‘)

where all the second order partial derivatives are evaluated at . Since f is twice continuously
differentiable over U, the Hessian matrix is symmetric. There are two main approximation
results (linear and quadratic) which are direct consequences of Taylor’s approximation theorem

that will be used frequently in the mini-course and are thus recalled here.

Theorem 3.2. (linear approximation theorem) Let f: U — R be a twice continuously differ-
entiable function over an open set U C R"™, and let x € U,r > 0 satisfy B(x,r) C U. Then
for anyy € B(z,r), there exists £ € [x,y] such that

[) = 1(@) + V@) (- 2) + 5y~ 2 VA — )

Theorem 3.3. (quadratic approximation theorem)Let f : U — R be a twice continuously
differentiable function over an open set U C R"™, and let x € U,r > 0 satisfy B(z,r) C U.
Then for anyy € B(z, ),

fly) = fl@) + V(@) (y—2)+ %(y — )"V f(@)(y — 2) + o(lly — |*).
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3.6 Composite Function and Implicit Function

Functions could be combined to generate new composite functions. In the univariate case,
we have the chain rule for finding the derivative of a composite function. Let F'(x) = f(g(x)),

then we have

We now extend this chain rule to a general multi-dimensional scenario:

Suppose we have a scalar-valued function z = f(x), where x is a vector of n vari-
ables, x = [11,2s,...,2,]", and each z; is a function of another vector t with m variables,
t = [ti,to,...,tm]T. Then, the composite function z = f(x(t)) depends on the variables t
through x, and we can compute the gradient of z with respect to t using the chain rule in the
multivariate case.

Formally, the gradient of z with respect to t is given by:

0z
— = Vi - Jx(t),
= V0 (1)
where:
o Vif(x)= [g—afl, 8371”27 cee % is the gradient of f with respect to x.

o Jx(t) is the Jacobian matrix of x with respect to t, given by:

Oz Ozy Oz
ot1 Oto e Otm
Oy Oxg Oy
t t T tm
Ju(t)= | o= %
Ozp  Oxp Ozp
ot Oto T Otm

This formulation is particularly useful when dealing with complex systems where variables
are interdependent. It allows us to compute the sensitivity of the function z with respect to
the underlying variables t without explicitly solving for x.

In addition to composite functions, we also encounter cases where we implicitly define one
variable in terms of others. For example, if we have a function G(x,y) = 0 that implicitly
defines y as a function of x, the implicit function theorem provides a way to differentiate y
with respect to x.

If G(x,y) = 0 and % # 0, the implicit function theorem states that there exists a function
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y = h(x) such that G(x, h(x)) = 0, and the derivative of y with respect to x is given by:

dy  [(9G\ "
a_X = — (8_3/) : VXG(X,y).

This result is crucial in many areas of mathematics and economics, where it allows us to

determine how an implicitly defined variable changes in response to changes in other variables.

4 Optimality Conditions for Unconstrained Optimiza-

tion

4.1 Global and Local Optima

Although our main interest in this section is to discuss minimum and maximum points
of a function over the entire space, we will nonetheless present the more general definition of

global minimum and maximum points of a function over a given set.

Definition 4.1. (global and minimum and mazimum) Let f : S — R be defined on a set
S CR". Then

1. x* € S is called a global minimum point of f if f(x) > f(z*) for anyx € S

2. x* € S is called a strict global minimum point of f if f(x) > f(x*) for any
x#zres

3. x* € S is called a global maximum point of f if f(x) < f(z*) for anyx € S

4. x* € S is called a strict global maximum point of f if f(x) < f(x*) for any
x#zrelS

The set S on which the optimization off is performed is also called the feasible set, and any
point z € S is called a feasible solution. We will frequently omit the adjective "global” and
just use the terminology "minimum point” and "maximum point.” It is also customary to refer
to a global minimum point as a minimizer or a global minimizer and to a global maximum
point as a maximizer or a global maximizer. A vector x* € S is called a global optimum of f
over S if it is either a global minimum or a global maximum. The mazimal value of f over S

is defined as the supremum off over S:

maz{f(z):x € S} =sup{f(x):z e S}
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Similarly the minimal value of f over S is the infimum of f over S,

min{f(x):x € St =inf{f(z):z €S}

and is equal to f(z* when z* is a global minimum of f over S. Note that the maximum or
minimum may not be actually attained. As opposed to global maximum and minimum points,
minimal and maximal values are always unique. There could be several global minimum points,
but there could be only one minimal value. The set of all global minimizers o f f over S is
denoted by

argmin{f(z):x € S}
and the set of all global maximizers of f over S is denoted by
argmaz {f(x):x € S}

Example 4.1. Consider the two-dimensional function

r+vy

f(x,y)Zm

defined over the entire space R%. The surface plot of the function are given in the following

figure. The function has two optima points: a global maximizer (x,y) = (\/Li’ \/Li) and a global

minimizer (x,y) = (—\/ii, —\%) The mazimal value of the function is \/Li and the minimal
1

value 1s — 7

T4y

Figure 4.1: Surface plots of f(x,y) = T

Our main task will usually be to find and study global minimum or maximum points;

however, most of the theoretical results only characterize local minima and maxima which are
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Figure 4.2: Local and global optimum points of a one-dimensional function

optimal points with respect to a neighborhood of the point of interest. The exact definitions

follow.
Definition 4.2. (local minima and maxima) Let f : S — R be defined on a set S C R™. Then

1. ¥ € S is called a local minimum point of f over S if there exists r > 0 for which
fx*) < f(x) for any x € SN B(z*,r),

2. x* € S is called a strict local minimum point of f over S if there exists r > 0 for
which f(z*) < f(x) for any x # x* € SN B(z*, 1),

3. x* € S is called a local maximum point of [ over S if there exists r > 0 for which
fx*) > f(x) for any x € SN B(z*,r),

4. x* € S is called a strict local maximum point of [ over S if there exists r > 0 for
which f(z*) < f(z) for any x # x* € SN B(x*,r).

Of course, a global minimum (maximum) point is also a local minimum (maximum) point.
As with global minimum and maximum points, we will also use the terminology local minimizer

and local maximizer for local minimum and maximum points, respectively.

4.2 First Order Optimality Condition

A well-known result is that for a one-dimensional function f defined and differentiable
over an interval (a,b), if a point 2* € (a,b) is a local maximum or minimum, thenf’(z*) = 0.
This is also known as Fermat’s theorem. The multidimensional extension of this result states
that the gradient is zero at local optimum points. We refer to such an optimality condition

as a first order optimality condition, as it is expressed in terms of the first order derivatives.
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In what follows, we will also discuss second order optimality conditions that use in addition

information on the second order (partial) derivatives.

Theorem 4.1. (first order optimality condition for local optima points) Let f : U — R be a
function defined on a set U C R™. Suppose that X* € int(U) is a local optimum point and
that all the partial derivatives of f exist at x*. Then V f(x*) = 0.

Proof. Let i € {1,2,...,n} and consider the one-dimensional function g(t) = f(z* + te;). Note
that ¢ is differentiable at t = 0 and that ¢'(0) = g—i(x*). Since z* is a local optimum point
of f, it follows that ¢ = 0 is a local optimum of g, which immediately implies that ¢’(0) = 0.
The latter is exactly the same as %(x*) = 0. Since this is true for any i € {1,2,...,n}, the
result Vf(z*) = 0 follows [ |

Note that the proof of the first order optimality conditions for multivariate functions
strongly relies on the first order optimality conditions for one-dimensional functions. The
theorem presents a necessary optimality condition: the gradient vanishes at all local optimum
points, which are interior points of the domain of the function; however, the re- verse claim
is not true-there could be points which are not local optimum points, whose gradient is zero.
For example, the derivative of the one-dimensional function f(x) = z® is zero at = = 0,
but this point is neither a local minimum nor a local maximum. Since points in which the
gradient vanishes are the only candidates for local optima among the points in the interior of

the domain of the function, they deserve an explicit definition.

Definition 4.3. (stationary points) Let f : U — R be a function defined on a set U C R™.
Suppose that x* € int(U) and that f is differentiable over some neighborhood of €*. Then x*
is called a stationary point of f if V f(z*) = 0.

Thus, local optimum points are necessarily stationary points.

4.3 Second Order Optimality Conditions

Recall the criterion of local optimum for one-dimensional twice continuous differentiable

function f(z):
1. if f/(z*) =0 and f”(z) > 0, then x* is a local minimizer.
2. if f'(z*) =0 and f”(x) < 0, then z* is a local minimizer.

This motivates us to consider the exntension of the second order derivative characterization

of optimum criterion. Essentially we have the following theorem.

Theorem 4.2. Let f : U — R be a function defined on an open set U C R™. Suppose that f is
twice continuously differentiable over Uand that x* is a stationary point. Then the following
hold:
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1. If zx is a local minimum point of [ over U, then V2 f(z*) = 0,
2. If xx is a local mazimum point of f over U, then V2f(x*) <0,
3. If V2f(x*) = 0, then x* is a local minimum point of f over U,
4. If V2 f(x*) <0, then xx is a local minimum point of f over U,

Intuitively, to be a local minimum, there should not be any descending direction when
starting from the minimizer around a neighborhood. The subtle difference between = and >
emerges when one applies the second order approximation to prove the theorem. Meanwhile

we have another way to guarantee the sufficiency of optimum with a stronger condition:

Theorem 4.3. Let f be a twice continuously differentiable function defined over R™. Suppose
that V2f(z) > 0 for any x € R™. Let * Rn be a stationary point of f. Then x* is a global

minimum point of f.

5 Convex Function

5.1 Definition and Examples

Definition 5.1. (convez functions) A function f: C' — R defined on a convex set C' C R™ is

called convex (or convex over C) if
O+ (1= Ny) <Af(@) + (1= N f(y) for any 2,y € C;A € [0, 1] (3)

The fundamental inequality ?? is illustrated in the following figure.

A

Figure 5.1: Illustration of inequality f(Ax + (1 — N)y) < Af(z) + (1 —\)f(y)

23



In case when no domain is specified, then we naturally assume that f is defined over the
entire space R". If we do not allow equality in ?? when z # y and A € (0,1), the function is

called strictly convex.

Definition 5.2. (strictly convez functions) A function f : C — R defined on a convext set
C C R"” is called strictly convex if

fOz+ 1 —=Ny) <Af(x)+ (1 —-N)f(y) foranyz #y € C, X € (0,1)

Another important concept is concavity. A function is called concave if —f is convex.
Similarly, f is called strictly concave if —f is strictly convex. We can of course write a more
direct definition of concavity based on the definition of convexity. A function f is concave if

and only if for any z,y € C and \ € [0, 1] we have

fOz+ (1 =Ny) = Af(=)+ (1 -A)fy)

Equipped only with the definition of convexity, we can give some elementary examples of
convex functions. We begin by showing the convexity of affine functions, which are functions
of the form f(z) = a’x + b, where a € R" and b € R. (If b= 0, then f is also called linear.)

Example 5.1. (convexity of affine functions) Let f(x = a’x + b, where a € R™ and b € R.
To show that f is convez, take x,y € R™ and A € [0,1]. Then

fAzx+ (1 =Ny =a" M+ (1 —-Ny) +b
= Ma"z) + (1 =N (a"y) + b+ (1 — \)b
= MNa"z +0) + (1 - )N (a"y +0)
— M @)+ (1 N)f(y)

and thus in particular f(Ax+(1—=N)y) < Af(x)+(1—N)f(y), and convezity follows. Meanwhile,

it is also trivial that affine functions are both convex and concave. |

The basic property characterizing a convex function is that the function value of a convex
combination of two points x and y is smaller than or equal to the corresponding convex
combination of the function values f(z) and f(y). An interesting result is that convexity
implies that this property can be generalized to convex combinations of any number of vectors.

This is the so-called Jensen’s inequality.

Theorem 5.1. (Jensen’s inequality) Let f : C' — R be a convex function where C' C R™ is a
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convex set. Then for any x1,Zs, ...,z € C' and X\ € Ay, the following inequality holds:

k k
f(z i) < Z Aif (). (4)

i=1 i=1
Proof. We will prove the inequality by induction on k. For k = 1 the result is obvious (it
amounts to f(z,) < f(z,) for any ; € C'). The induction hypothesis is that for any k vectors
T1,Zo,...,x, € C' and any A € Ay, the inequality ?? holds. We will now prove the theorem
for k + 1 vectors. Suppose that xq,Zs,...,2511 € C and that A € Agy;. We will show that
fz) < SN F(), where 2z = S \my. Tf Ay = 1, then z = 244, and ?? is obvious. If

Aer1 < 1, then

k+1

:
= f(z ANili + A4 1Zk+1)
=1
k
= f((1 = Aeta) 121 1_—/<k+1$z +Ak41Zk+1)

< (1= N1 f(0) + M f(@pan)-

Since Zle = %, it follows that v is a convex combination of £ points from C', and
hence by the induction hypothesis we have that f(v) < Zle 1_:\\—;+1 f(z;), which combined

with the ineuqality above yields

k+1

f(z) < Z Aifi(x;)

5.2 First Order Characterization of Convex Functions

Convex functions are not necessarily differentiable, but in case they are, we can replace
the Jensen’s inequality definition with other characterizations which utilize the gradient of the
function. An important characterizing inequality is the gradient inequality, which essentially
states that the tangent hyperplanes of convex functions are always underestimates of the

function.

25



Theorem 5.2. (the gradient inequality) Let f : C — R be a continuously differentiable

function defined on a convexr set C' C R™. Then f is convex over C if and only if

f@)+ V@) (y—z) < fy) for any z.y € C. (5)

Proof. Suppose that f is convex. Let 2,y € C' and X € (0,1]. If £ =y, then 77 trivially holds.
We will therefore assume that £ # y. Then

FOy+ (1 =XNz) < Af(y)+ (1= N)f(z),
and hence

fle+ Ay — =) - f(=z)
X\

< fly) — f(=z).

Taking A — 07, the left-hand side converges to the directional derivative of f at x in the

direction y — z, so that

[y —z) < fly) - flx)

Since f is continuously differentiable, it follows that f'(z,y — ) = Vf(z)? (y — z), and hence
77?7 follows. To prove the reverse direction, assume that the gradient inequality holds. Let z,
w € C, and let A € (0,1). We will show that f(Az + (1 — Nw) < Af(2) + (1 — \) f(w). Let
u=MX2+ (1 —ANw € C. Then

u—(1—Nw 1—A

z—u:f—u:—T('m—u).

Invoking the gradient inequality on the pairs z,u and w,u, we obtain

fu) + Vi)' (z—u) <f(z),

A

f(u) - mvf(u)T(z —u) <f(w).

Multiplying the first inequality by ﬁ and adding it to the second one, we obtain

1

) < () + Fw),

which after multiplication by 1 — A amounts to the desired inequality

flu) <Af(2) + (1= A) f(w).
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Geometrically, the gradient inequality essentially states that for convex functions, the
tangent hyperplane is below the surface of the function. A two-dimensional illustration is

given in the following figure. A direct result of the gradient inequality is that the first order

//;iy ///
Vi
v

Figure 5.2: The function f(x,y) = x? + y* and its tangent hyperplane at (1,1), which is a
lower bound of the function’s surface.

optimality condition V f(z*) = 0 is sufficient for global optimality.

Proposition 5.1. (sufficiency of stationary) Let f be a continuously differentiable function
which is convex over a convex set C C R"™. Suppose that V f(x*) =0 for some z* € C. Then

z* is a global minimizer of f over C.

Proof. Let z € C'. Plugging x = z* and y = 2z in the gradient inequality 77, we obtain that

f2) = f(=") + V(=) (z — 2),

which by the fact that V f(2*) = 0 implies that f(z) > f(z*), thus establishing that * is the

global minimizer of f over C. ]

We note that the above proposition establishes only the sufficiency of the stationarity

*

condition V f(z*) = 0 for guaranteeing that z* is a global optimal solution. There could be
some cases that the global minimizer does not satisfy the assumption (e.g. corner solution in
a closed set). When C is not the entire space, this condition is not necessary. However, on
most occasions of our interest (e.g. C' = R™) this is not the case. Analogously, the same
logic applies to the sufficiency of stationarity for guaranteeing a global maximizer

when the function is concave.
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5.3 Second Order Characterization of Convex Functions

When the function is twice continuously differentiable, convexity can be characterized by

the positive semidefiniteness of the Hessian matrix.

Theorem 5.3. (second order characterization of convexity) Let f be a twice continuously
differentiable function over an open convex set C' C R™. Then f is convex if and only if
V2f(x) =0 for anyx € C.

Proof. Suppose that V2f(z 3= 0 for all z € C. We will prove the gradient inequality, which
by Theorem 3.5 is enough in order to establish convexity. Let ¢,y € C. Then by the linear

approximation theorem we have that there exists z € [z,y] (and hence z € C') for which

F) = 1@) + V@)~ 2) + 5y~ 2 VS () (g ) (6

Since V f(2) = 0, it follows that (y — )T V2f(2)T (y — ) > 0, and hence by ??, the inequality

fly) = flx) + Vf()"(y — =) holds.
To prove the opposite direction, assume that f is convex over C. Let £ € C' and let y € R™.
Since C' is open, it follows that £ + Ay € C for 0 < A < ¢, where ¢ is a small enough positive

number. Invoking the gradient inequality we have

f@)+ 2y = f(z) + AV f(z)'y

In addition, by the quadratic approximation theorem we have that

)\2
fl@+2y) = fl@) + AV (@)'y + Ty V f(@)y + o\ yl),
Combine the two inequalities above we will have

/\2
SV VI @y + o(N[yl) = 0

for any X € (0,¢). Dividing the latter inequality by A? and taking A — 0T, we conclude that
y' Vi f(z)y >0
for any y € R™, implying that V2f(z) = 0 for any z € C. [ |

5.4 Operations Preserving Convexity

There are several important operations that preserve the convexity property. First, the

sum of convex functions is a convex function and a multiplication of a convex function by a
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nonnegative number results with a convex function.

Theorem 5.4. (preservation of convexity under summation and multiplication by nonnegative

scalars)

1. Let f be a convex function defined over a convexr set C' C R™ and let o > 0. Then o f is

a convex function over C.

2. Let fi, fa, ..., fp be convex functions over a conver set C' C R™. Then the sum function
fi+ fat o+ fp is convex over C

Theorem 5.5. (preservation of convexity under composition with a nondecreasing convex
function) Ler f : C — R be a convez function over the convex set C C R™. Letg: 1 — R
be a one-dimensional nondecreasing convex function over the interval I C R. Assume that the
image of C under f is contained in I: f(C) C I. Then the composition of g with f defined by

is a convex function over C.

5.5 Relationship between Concavity and Optimization

Note that by utilizing theorem 5.2 we immediately know that for a concave (convex)
function, stationary point is also a global minimum (maximum). Therefore, if the objective
function is concave (convex), we could save our efforts from verifying the sufficient conditions.

Dive a bit deeper, we can see that the second order Hessian matrix of a concave function
is guaranteed to be negative semi-definite everywhere on the domain. And this is stronger
than the sufficient condition which only requires the matrix being semi-definite locally around
the stationary point. Given a set of normal concave function and operations that preserve
the concavity, we are able to conviniently skip the complicated calculation of Hessian matrix

when figuring out optimum.
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6 Constrained Optimization

Constrained optimization refers to the case of finding maximum/minimum of a function

on a non-conventional domain. A typical constrained optimization takes the following form:

max f(z)
st. gi(x)>0, i=1,2,...,,m
hj<$> = O, j = 1,2, P

s.t. means either "such that” or "subject to”, and the following equations and inequalities

define the domain of the function.

6.1 Intuition

Constrained optimization usually corresponds to the real world case of allocating a scarce
resources. Therefore, the objective function is usually unbounded on its natural domain, and
the optimum is contingent on the constraint we have. In the univariate case, we know that if
we want to restrict the domain, we usually result in really simple one direction or two direction
inequalities e.g. * < 1,1 < z < 5. If the optimum is contingent on the constraint, it must
lie on the “edge” of constraint, and in this case one of two end points. In multivariate case,
however, the edges usually consist of not two, but infinitely many points. The problem is then

turned to selecting a point on the edge. Consider the simplest case of one constraint:

We could transform this to an unconstrained optimization problem by replacing one variable
with the others using the constraint. Specifically, let z_,, denote the collection of the first
1 to n — 1 variables, and assume that we could derive from constraint an implicit function:

x, = G(x_,). From implicit function theorem, we have

dg
oz,

VG(@_p) = — ()" (Vg)-n

where (Vg)_, denote the first n — 1 terms of the gradient of g. With this replacement we can

transform the problem to

max f(x_,, G(z_,))
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Consider the first order condition, we have

of
“n Gx_,) =0
(V) + axnv (z_,)
of /99 4
V)= a9 —n
= (V) = 5-(52)(Ve)
The above equation means: for any i of the first (n — 1) variable, the ratio between g_:é and

% is the same. This conclusion also holds when we consider the n—th variable, as
3

0F _ 0f (09, s
ox, Oz, Oz, O,

To summarize, the first order condition indicates that the optimum should be some point on
which the gradient of objective function and the gradient of constraint function are of the

same direction i.e. we are able to find some scalar A such that
Vf(-"?o) = )\Vg(xo)

Geometrically, for a function f defined on R", the equation f(x) = m defines an isoquant
contour of the function, and the gradient evaluated at the point, V f(zy) is the “direction”
of the line/plane/hyperplane that is tangent to the contour at the point z,. Take a two-
dimensional function as an example: let f(x,y) = 2% + y>. We know that for any positive
real number m, z2 + > = m defines an isoquant contour which is a circle. And at any given

2x
point (xg,yo), the gradient [2 | defines the line that is tangent to the contour at the point.
Yo

2 0

Specifically, we know that the line [;0 [z, y] = 0 is tangent to the circle x? +y? = x§ +y3
Yo

at the point (xg, o). Therefore, we conclude that if the optimum lies on the edge defined by

g(x) = 0, it must be the point where the tangent hyperplane of both the objective function
and the constraint are the same.

We can extend this argument in two dimensions. Firstly, if we consider more than one edge
and attempt to find optimum on the intersection of several edges. Then the optimum must
be the point where the tangent hyperplane of isoquant contour overlaps with the hyperplane

of the intersection set i.e. there exists a set of scalars {\;} such that
Vf(@o) = Z AiVgi(zo)

Secondly, there may also be some constraints which the optimum do not lie on. We usually

call such constraints “slack” as they are not binding at the optimum. The above formula also
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holds for these constraints by simply setting the corresponding A to 0.
To streamline the above procedures, we usually construct the Lagrangian function,
denoted by L(z; ), as follows:

L=f(r)— Z Aigi(T)

And state the necessary first-order conditions as follows:
oL _
or

0

6.2 The KKT Conditions

After providing the intuition and practical steps in finding constrained optimum, we for-
mally state the necessary conditions, called “Karush-Kuhn—Tucker (KKT) conditions”, of
constrained optimum. The preassumptions of applying the conditions vary, and in this note
we pay attention to a very special case that is frequently met in economics studies and whose

validity is easily proved.

Theorem 6.1. (sufficiency of the KKT conditions for concave optimization problems) Let x*

be a feasible solution of the problem

st. gi(x)>0, i=1,2,...,m,
h.?(x>207 j:1727"'7p7

where f, g1, ..., gm are continuously differentiable concave functions over R"™ and hy, ho, ..., hy

are linear functions. Suppose that there exist multipliers A1, Aa, ..., A\, > 0 and piq, pig, ..., ptp € R
such that

V@) + Y AiVg(a)+ Y uVhi(a) =0,
i=1 j=1

Then x* is an optimal solution of the problem.

Proof. Let x be a feasible solution of the problem. We will show that f(z*) > f(z). Note
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that the function
m p
s) = fl@)+ Y Ngil@) + ) pihy(x)
i=1 j=1

is concave, and since Vs(z*) = Vf(z*) + 3310, MiVagi(@*) + 30, 1;Vhj(x*) = 0, it follows
that z* is a maximizer of s(-) over R", and in particular s(z*) > s(z). We can thus conclude
that

F7) = 1)+ 3 Niae@) + D s

= f(z) + Z Aigi(z) + Z pih;(z)
> f(z)

6.3 Envelope Theorem

Now suppose we address a well-defined constrained optimization, and obtain the result
z*. We may then be interested in the properties of the solution. That is, if we have several
other coefficients in the constraints and objective function, the optimum value y* = f(z*) will
be a function of these coefficients. For example, if you want to maximize your production
under a given budget of purchasing inputs, the increase in price or change in technology will
impact your maximum output. If we have explicit functional forms, we could directly write
out the closed-form solution, and the thing will go easy. While we also have some general
properties that do not depend on specific functional forms, which we usually call “envelope
theorem”. Formally, consider an objective function f(z,#) that we wish to maximize subject
to constraints g(z,0) = 0, where 0 is a parameter of interest. Let 2*(f) denote the optimal
solution and y*(0) = f(x*(0),0) denote the optimal value. The envelope theorem states that

the derivative of the optimal value with respect to the parameter 6 is given by:

Ay (0)  OL(z*, \*,0)

do 00
where L(z, A, 0) is the Lagrangian of the problem, and A\* is the vector of Lagrange mul-
tipliers at the optimum. This result allows us to easily assess the sensitivity of the optimal

value to changes in the parameters.
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6.4 Example: GDP and price index

The concept of GDP is usually the content of the first class in macroeconomics. It is the
summation of value added across all industries. As apples and bananas cannot be directly
added up, we firstly transform them into monetary terms and then calculate the summation
of these numbers. By doing so we obtain the nominal GDP of the economy, which is usually
accompanied with a price index to help tease out the impact of purely price change. The
following practice help establish a link between the math we have learned and this daily
economic concepts. We restrict our attention to a specific topic i.e. we simplify the real world
economy, to consider only consumption over a range of different goods in a representative
agent world. Let xq,xs,....,zx denote the consumption amount of N various goods with
prices being respectively p;. The total income of the consumer is M. Then the agent allocates
its consumption by solving the following constrained optimization problem (termed utility

mazximization problem in economics):

maxU (1, g, ..., Ty)

N
such that Z pix; = M

i=1

U(zy, 9, ...,xN), a concave function (to get rid of the sufficiency of optimum), is called utility
function in microeconomics, while in macroeconomics it is also sometimes called aggregator,
as it aggregates consumption over all goods to generate utility, and, with a bit of craziness
at a first glance, we can directly treat it as GDP! To see this, we firstly impose a reasonable

assumption on the aggregator function.

Definition 6.1. (homogeneous function) A function f : C — R defined on a convex hull
C CR" is called homogeneous of degree k (k € N) if for any A > 0 we have

fOw) = X' f(x)

We assume that the aggregator function is homogeneous of degree 1, which is also usually
called constant return to scale in economics. And we will also utilize the following properties

of homogenous function:

Theorem 6.2. (Euler’s homogeneous function theorem) Let f : C' — R where C C R" be a
continuously differentiable function homogeneous of degree k, then we have
n (9f

kf(xy,zo,..,xy) = T
i=1 Oz;

Now let’s follow the regular procedures of constrained optimization. Firstly, we establish
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a Lagrangian function with A being the Lagrangian multiplier for the only constriant:
N
L\z) =U(@) + A(M = piay)
i=1

Then, we derive the first order condition (FOC) for the function:

ou
8@-

=Ap; fori=1,2...N

We have N such conditions, and we combine them with the constraint to form a system of
equations, from which we could solve out exactly N + 1 variables: x;’s and A\. Even before
plugging in the specific functional form, we could treat the FOC with some tricks: multiplying

each side by z;, and sum all the N FOCs up we have

N

oU al
Zmi&’c- = )\;pi%

i=1 ¢

For the left hand side (LHS) of equation, we apply Euler’s homogeneous function theorem.
For the right hand side (RHS) of equation, we apply the constraint. Combine them together

we will have
U=\M

Note that M is the total income. We can imagine a simplified case where the economy
has only one homogeneous good and consumers spend all income to consume that good. In
such a world, it is easy to calculate GDP and inflation, and this imagination is represented
mathematically by the equation above, if we treat U as the consumption amount of the ”final
good”, and A the inverse of the price of the good. In state-of-the-art economics researches on
multiple sector economy, this is exactly the case. ) is exactly the inverse of price index to
dictate the change in prices. This will be more clear if we have a specific functional form and

derive A as a function of all prices.

Example 6.1. Calculate the constrained optimization result above with following specific func-

tional forms of U:

1. Uy, w) = 287)”

2. Ulzy, ) = (25 4 25)=
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